The possible existence of bulk superconductivity as T → 0 K above the irreversibility field (H irr ) [1] in the cuprates has been a long standing question. Not only is this problem important for our understanding of the cuprates, but also because there is still debate [2, 3] about whether Cooper pairs persist in the region of the field-temperature plane where quantum oscillations are seen [4] .
Many experimental efforts have been made to address this issue [5] [6] [7] [8] . Diamagnetism has consistently been reported using torque magnetometry at high fields in many families of cuprates and it is argued that this observation shows the persistence of Cooper pairs above H irr [5] . For YBa 2 Cu 3 O y , resistivity measurements have established H irr (T = 0) to be below 30 T for fields along the c-axis for dopings between p = 0.11 (OII) and p = 0.12 (OVIII) [9] . Moreover, X-ray [10, 11] , NMR [12] , and sound velocity measurements [13] have demonstrated the existence of static charge density wave (CDW) order that competes with superconductivity: Ref. [11] shows a distinct long range 3D order that continues to grow at 28 T for an OVIII crystal. The CDW is strongest and the suppression of H c2 is largest at p = 0.125 for YBCO [10, 14] .
Recent thermal conductivity measurements by Grissonnanche et al. [7] show a sharp transition precisely at the extrapolated H irr (T = 0) ≃ 22 T for OII YBCO. They have interpreted this feature (henceforth referred to as H K ) as a signature of H c2 , arguing that the end of the rapid rise in thermal conductivity at 22 T reflects a corresponding increase in the mean-free-path as a result of the sudden disappearance of vortices at H c2 . On a crystal with same doping, Marcenat et al. [15] show that the specific heat saturates at a field H cp . H cp (T ) lies above H irr (T ), but they extrapolate to the same value at T = 0 K [15] .
In contrast, torque measurements by F. Yu et al. [6] on a crystal with the same doping suggested diamagnetism persisting to fields much higher than H K . The debate is thus still open.
To resolve this problem, we conducted torque magnetometry measurements of magnetization (M) on two p = 0.12 (OVIII, T c = 65 K) crystals in DC fields and one p = 0.11 (OII, T c = 60 K) crystal in pulsed fields. The crystals were mounted on piezoresistive cantilevers and placed on a rotating platform, with the CuO 2 planes parallel to the surface of the lever. DC field sweeps, first from 0 to 10 T and later from 0 to 33 T, were performed with the c-axis of the OVIII crystal at a small angle θ from the field. The magnetoresistance of the levers was eliminated by subtracting data from the complementary angle (−θ). Similar procedures were used for the OII crystal in pulsed magnetic fields up to 65 T. For strongly anisotropic superconductors, where out-of-plane screening currents can be neglected, the torque τ per unit volume V at an angle θ from field B is given by
. A key challenge with magnetization measurements in the cuprates is the separation of the normal state from the superconducting contributions, because superconducting fluctuations are thought to contribute to χ(T ) even at temperatures far above T c [17] , while χ normal is temperature dependent to well below T c . We follow the procedure outlined in Refs. [16, 17] and interpret χ D (T ) in the normal state of underdoped YBCO as arising from the pseudogap and g-factor anisotropy, plus a superconducting fluctuation term that sets in below 120 K.
Neglecting isotropic Curie and core susceptibility terms, which do not contribute to τ , the total normal state contribution to χ D (T ) is [16] :
where
is the pseudogap contribution assuming a V-shaped density of states (DOS) [18] , and χ R D (T ) is thought to arise from an electron pocket or Fermi arcs in the region 0.0184 < p < 0.135. Specifically, Although the weak diamagnetic signal persists to higher fields, we are able to see a signature in our differential susceptibility dM/dB at fields comparable to H K (22 T) found by thermal conductivity [7] . In each curve of Fig. 2 (b) and 3(b), dM/dB decreases linearly, up to a field we call H d (T ), before saturating to a small but non-zero value. At the lowest temperatures for both OVIII and OII crystals, we find H d ≈ 24 T, which is close to the extrapolated H irr (T = 0). This is consistent with the feature at H K found by thermal conductivity [7] , though unlike H K , H d does not correspond to a sharp transition. H d varies very little with temperature for T < 10 K, a result that is consistent with the findings of Ref. [7] , though the T -dependence at high temperatures is not consistent with that found by Refs. [6, 15] . Surprisingly, we do not observe in any of our crystals the broad peak in dM/dB reported by Ref. [6] .
In highly anisotropic type-II superconductors, the magnetization calculated using mean field (MF) Ginzburg-Landau (GL) theory for an s-wave superconductor, which we use in the absence of a d -wave theory, yields logarithmic behaviour at low field (in cgs units), Differential susceptibility dM/dB of the OVIII crystal vs B z at selected temperatures. The lines are guides to the eye. We call the characteristic field at which dM/dB departs from linearity H d .
Red: calculated mean field dM/dB near H c2 with κ = 50, with κ = 41 (purple) and with κ = 150 (blue).
order 1, φ 0 is the flux quantum for Cooper pairs and λ is the London penetration depth [20] .
µSR at low fields has shown a √ H field dependence for λ(T = 0) [21] , but results of tunnelling experiments on Bi-2212 imply thermally induced pair breaking near the nodes [22] , indicating a weaker field dependence at higher T . Thus, for simplicity, we assume a negligible field dependence of λ. We also assume α = 0.77 and β = 1.44 for 0.02 < H/H c2 < 0.3 [20] , in reasonable agreement with later works [23, 24] , and we fit the low field magnetization and obtain an estimate of H c2 (T ), shown in Fig. 5 be due to the transition to long-range CDW order near 40 K in high fields as observed in both sound velocity [13] and NMR [12] . (b) Differential susceptibility for the OII crystal in pulsed field.
dM/dB is seen to be small and constant up to the highest field of 63 T. Blue: calculated mean field dM/dB near H c2 with κ = 50.
When H/H c2 > 0.3, and again using cgs units for an s-wave superconductor, the magnetization is expected to obey 4πM T, dM/dB has the mean field property of saturating toward a constant value, but this is very small and requires κ ≃ 150, a value far greater than κ = 50 given Ref. [7] . This means that our high field dM/dB is nearly ten times smaller than would be expected. This may be due to the field dependent charge density wave (CDW) order within the vortex liquid region [10, 11] . The CDW competes with superconductivity and is partially suppressed at low field. As increasing field suppresses superconductivity, the CDW order is gradually restored [13] . The presence of a relatively strong CDW would increase λ and thus increase κ, as illustrated in Fig. 4 . A linear region in M c (B) can also be seen in Fig. 2 The value of H c2 (0) ≈ H d ≈ 24 T obtained from these GL analyses may refer to a low field, unreconstructed Fermi surface. For fields greater than 24 T, we may be observing MF behaviour of weak superconductivity arising from the small electron pockets [4, 27] resulting from the appearance of CDW order. The GL type theory we applied assumes s-wave superconductivity and we cannot rule out possible d -wave effects on the determination of H c2 .
An obvious possibility is the Volovik effect whereby the Cooper pairs near the nodes on the Fermi surface are broken up, and consequently, λ and κ would increase.
Alternatively, the diamagnetism that we observe above 24 T could be caused by superconducting fluctuations. The OII data in the insert to Fig. 3(a) show that it is ∼ −100 A/m between 35 and 63 T. This is 5 times smaller and falls more quickly with field than predicted by theory [28] for a 2D s-wave superconductor at low temperatures and high fields. This is a robust statement because in the clean limit all parameters in the theoretical expression [28] for M c (B) above H c2 are known. Nernst data [29] for OVIII crystal show saturation near 30 T to the negative value expected for an electron pocket. This does not necessarily rule out bulk superconductivity above 30 T because in the presence for a CDW, the vortex core entropy -which dominates the Nernst effect -could be reduced. However at a qualitative level, the Nernst data between 24 and 30 T may be more consistent with superconducting fluctuations. Since torque magnetization is sensitive to superconducting fluctuations while thermal conductivity sees only the normal quasi-particles which are the only source of entropy, this may explain why we do not observe the sharp transition at H K seen in Ref. [7] .
Finally, the diamagnetism of −90 A/m observed at 63 T might be caused by a reduction in spin susceptibility associated with the stronger (3D) CDW order that sets in above 15
T [11] . The change required would be 1.36 A/m/T in χ D (0). This is consistent with the significant decrease in diamagnetism between 40 and 50 K shown in the inset of Fig. 3(a) , the region where the 3D CDW seen at high fields goes away [11] .
The above discussion highlights the importance of competing CDW and superconductivity instabilities [10, 30] . Little is known about the size of the CDW energy gap, or the MF behaviour expected for a d-wave superconductor just below H c2 as T → 0 K. Therefore the linear H dependence of dM/dB we observe below H d might be a fundamental property of a d-wave superconductor. In other words, because of Volovik-type pair breaking effects, the MF transition at H c2 could have a discontinuity in d 2 M/dB 2 , rather than in dM/dB, which is the standard MF result for the second order transition in a conventional s-wave superconductor.
In summary, we observe diamagnetism in OVIII YBCO at fields up to 33 T and OII YBCO at fields up to 65 T using torque magnetometry. The analysis uses a different model for the high temperature normal state susceptibility that gives a smaller correction at low temperature compared with earlier models. We also find that dM/dB departs from a linear lower field behaviour at fields H d ≈ H irr (0) ≈ 24 T, and approaches a constant value at higher fields. We propose several candidate scenarios: a competing order scenario where a fullyfledged CDW at high field mostly suppresses the superconductivity so that the diamagnetism at high field could be attributed to bulk superconductivity; or a 
